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It is commonly accepted that general relativity is the only solution to the consistency problem
that appears when trying to build a theory of interacting gravitons (massless spin-2 particles).
Padmanabhan’s 2008 thought-provoking analysis raised some concerns that are having resonance
in the community. In this work we present the self-coupling problem in detail and explicitly solve
the infinite-iterations scheme associated with it for the simplest theory of a graviton field, which
corresponds to an irreducible spin-2 representation of the Poincare´ group. We make explicit the
non-uniqueness problem by finding an entire family of solutions to the self-coupling problem. Then
we show that the only resulting theory which implements a deformation of the original gauge sym-
metry happens to have essentially the structure of unimodular gravity. This makes plausible the
possibility of a natural solution to the first cosmological constant problem in theories of emergent
gravity. Later on we change for the sake of completeness the starting free-field theory to Fierz-Pauli
theory, an equivalent theory but with a larger gauge symmetry. We indicate how to carry out the
infinite summation procedure in a similar way. Overall, we conclude that as long as one requires the
(deformed) preservation of internal gauge invariance, one naturally recovers the structure of uni-
modular gravity or general relativity but in a version that explicitly shows the underlying Minkowski
spacetime, in the spirit of Rosen’s flat-background bimetric theory.
PACS numbers: 04.20.-q, 04.60.-m, 04.62.+v, 11.30.Cp
I. INTRODUCTION
The tight connection between general relativity and
geometry is what makes this theory conceptually beauti-
ful, but also very different from the formalism developed
to describe the other fundamental forces we know about:
the standard model of particle physics. While the lat-
ter is formulated as a quantum field theory in Minkowski
spacetime, in general relativity there is no such a no-
tion of preferred, immutable arena in which physics takes
place. Instead this environment (spacetime) is also a dy-
namical object in its own right. This is arguably the root
of the conceptual problems concerning the reconciliation
between general relativity and quantum mechanics.
Trying to bridge this gap Rosen [1, 2] showed that gen-
eral relativity can be reinterpreted as a nonlinear field
theory over Minkowski spacetime. Later Gupta [3] pro-
posed that a consistent theory of self-interacting gravi-
tons should have precisely the structure of general rel-
ativity. In brief, Gupta’s idea is to start with a free
massless spin-2 field in Minkowski spacetime, and then
make it interact with the rest of fields. General consider-
ations show that the fact that this field has spin 2 implies
that this can be done only if the graviton field interacts
with itself, making the overall theory nonlinear. Since
one can always express general relativity plus matter as
a nonlinear theory for the deviations of the metric with
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respect to some flat reference metric, there is wiggle room
to reconcile both visions.
However, to make this programme come to fruition,
one should be able to determine the nature of the result-
ing nonlinear theory which arises from the self-coupling
of the graviton field. The first subtle point is that the
Lagrangian density of such a theory contains, in princi-
ple, infinite interaction terms which are obtained consec-
utively by an iterative process, so one should devise a
way to manage them and show that this infinite series
converges to the Lagrangian density of general relativ-
ity. This question was indirectly addressed in the work
of Kraichnan [4] and Feynman [5], but was finally settled
by Deser [6]. To do that, he used specific variables which
make the series finite, thus avoiding to perform the sum
of an infinite series.
The second source of concern is the non-uniqueness of
the construction as there are many and, in principle, in-
equivalent ways to make the graviton field self-interact.
This was first raised by Huggins in his 1962 thesis [7].
The central point of his argument is that one needs more
information to uniquely fix the stress-energy tensor of the
graviton field to which it couples itself. Thus there are
potentially many self-interacting theories and, as there
is no control of those theories, it is not easy to conclude
whether or not they are equivalent to general relativity.
Recently, Padmanabhan has raised equivalent arguments
[8]. In fact, this work has been motivated by Padmanab-
han’s paper, a subsequent follow up by Butcher et al. [9],
and the reply by Deser [10].
In this work we start by considering the simplest the-
ory of a graviton field, corresponding to an irreducible
spin-2 representation of the Poincare´ group. After de-
scribing the linear spin-2 theory, we develop in detail the
self-interacting scheme and find the (formal) sum of the
series for the action. To the best of our knowledge, it is
the first time that an infinite series arising in the gravi-
ton self-coupling problem is summed. This construction
is not unique. We present the non-uniqueness problem
and show that, indeed, there is a one-parameter family
of solutions to the self-coupling problem which were not
found in previous approaches. We analyze these result-
ing theories and show that requiring the preservation of
gauge symmetry can be used to single out one of them,
which turns out to be equivalent to unimodular gravity.
Ater the detailed analysis of the spin-2 theory, we move
to compare this approach with the more standard that
starts with Fierz-Pauli theory. We sketch how to solve in
an equivalent way the self-coupling problem in this case.
We study in a similar way the issue of uniqueness and
then, at the light of our results, we present a discussion
aimed at reconciling what seem disparate results in the
recent literature [8–10].
On the one hand our results confirm the concerns of
[8] in that the self-coupling problem by itself does not
uniquely lead to unimodular gravity (or general relativ-
ity, depending on the starting linear theory) unless fur-
ther conditions are imposed along the process. Specif-
ically, one needs to require that the gauge structure of
the initial linear theory is preserved, although deformed,
in the final outcome. This condition singles out unimod-
ular gravity (or general relativity) but in a version that
explicitly shows the underlying Minkowski spacetime, in
the spirit of Rosen’s flat-background bimetric theory. On
the other hand, once the gauge preservation condition is
applied, the entire construction can be taken to comple-
tion in a natural way using only flat spacetime notions,
position which is defended in [10]. In fact, the pres-
ence of the Minkowski background structure permits to
clearly separate the internal gauge transformations from
invariance under changes of coordinates. Within this bi-
metric construction one obtains a quadratic Lagrangian
density, invariant under changes of coordinates. How-
ever, this quadratic Lagrangian density is not invariant
under internal gauge transformations, but the action is.
One could take a further leap and adopt a geometrical
(single-metric) interpretation [6, 10]. From this perspec-
tive the quadratic Lagrangian density is not diffeomor-
phism invariant: the surface term of the Einstein-Hilbert
action cannot be recovered and would have to be added
by hand, as pointed out in [8]. Although certainly ap-
pealing, within the self-coupling problem we do not find
a compelling reason to take this geometrization leap.
The structure of the paper is the following. Sections II
and III are intended to be a recapitulation of the knowl-
edge which can be found in different sources, concerning
the field-theoretical description of gravitons and the con-
sistency problem which appears when one tries to make
them interact with matter. This problem leads to the
consideration of a self-interacting scheme for the gravi-
tons, which is developed in the next two sections, the
core of the paper. In section IV we consider the simplest
theory of a graviton field, corresponding to an irreducible
spin-2 representation of the Poincare´ group. We develop
the self-interacting scheme and find the (formal) sum of
the series for the action. In section V we discuss how
the condition of preservation of the maximal amount of
internal gauge invariance can eliminate the ambiguities
inherent to the self-coupling procedure. We also show
that this outcome of the self-coupling problem is equiv-
alent to unimodular gravity. Section VI is devoted to
show how to apply the same programme to Fierz-Pauli
theory and how general relativity comes into play. We
also include a discussion on gravitational energy which is
particularly interesting in the case of unimodular gravity.
We end with a brief summary and some conclusions.
Notation and writing style: we use the metric con-
vention (−,+,+,+) and we will always avoid making
explicit the spatiotemporal dependence of the different
fields considered in the text. No distinction is made be-
tween Greek and Latin indices. By gravitons we mean
massless spin-2 particles, though this notion still has wig-
gle room to permit different implementations. Here we
are considering two types of graviton fields: the spin-2
and Fierz-Pauli fields. When the Minkowski metric ηab
is used, it is understood as written in a generic coordi-
nate system. The d’Alembert operator in the flat metric
is . Similarly, the covariant derivative ∇ is always re-
lated to the flat metric, while ∇′ corresponds to a curved
metric. Curvature-related quantities will be defined by
following Misner-Thorne-Wheeler’s convention [11]. This
work was initially motivated by the paper of Padmanab-
han [8] and, thus, we have decided to partially maintain
his notation to facilitate the translation of the results.
Our intention throughout the paper has been to use an
“aseptic” writing style that avoids contamination from
geometric notions motivated by previous knowledge of
general relativity. In this way, one can see more clearly
the different steps which are necessary to obtain general
relativity (or unimodular gravity) as solutions to the self-
coupling problem.
II. FREE GRAVITON FIELDS
The unitary representations of the Poincare´ group as
first classified by Wigner are determined by the value
of the mass m and the eigenvalues of the so-called little
group [12, 13]. For a particle with mass m 6= 0 the little
group is SO(3), so the corresponding label is the angu-
lar momentum j and one has 2j + 1 states in each rep-
resentation, corresponding to polarizations which range
from σ = −j to σ = +j jumping in units. However,
for a massless particle the little group is ISO(2) (the 2-
dimensional Euclidean group) and only the states with
polarizations σ = ±j are left. This means that mass-
less particles with integer spin carry only two indepen-
dent degrees of freedom. As linear representation space
one would like to construct a tensor-field space using ex-
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clusively these degrees of freedom, but it is in this con-
struction where gauge invariance appears inevitably in-
tertwined with Lorentz invariance. In the following, we
are going to work in a covariant fashion with respect to
changes of coordinates in Minkowski spacetime. This will
be useful to distinguish between covariance and internal
gauge invariance in the resulting nonlinear theory.
The natural way to define such a spacetime tensor field
is to construct an object hab exclusively made of the two
physical polarizations, which can be done for example
in momentum space [14]. The problem is that Lorentz
transformations do not leave this space invariant, not
even the transformations that belong to the little group.
Assuming a tensorial character for hab we have that, un-
der an infinitesimal Lorentz transformation whose gener-
ators are ξaω, it transforms as
habω = h
ab + ξcω∇chab + hac∇cξbω + hbc∇cξaω. (1)
The Lorentz generators ξω verify the conditions
∇aξaω = 0, ξaω = 0. (2)
The problem is that the last terms in this transformation
law do not belong to the linear space of objects of hab-
type [15], i.e.
ξcω∇chab + hac∇cξbω + hbc∇cξaω 6= h′ab. (3)
Thus, the transformed object habω does not belong to the
linear representation space we started with (the same
problem appears in electrodynamics, where the gauge
fixing condition ǫ0 = 0 on the polarization vector ǫµ is
not Lorentz-invariant). One can prove instead that the
terms driving one outside the representation space are of
the form
habω − h′abω = ηac∇cξbω + ηbc∇cξaω. (4)
To circumvent the representation problem we have two
options: instead of using a tensor space as representation
space one could define hab as a non-tensorial object; the
other possibility is to maintain a subsidiary tensor-field
space but consider as representation space not its indi-
vidual elements but equivalence classes of them related
by gauge transformations. We shall proceed using this
second approach.
The minimal realization of the gauge approach is to
take as representation space tensorial objects hab such
that they are traceless and transverse,
ηabh
ab = 0, ∇bhab = 0, (5)
and with equation of motion
hab = 0. (6)
Moreover, any hab and h′
ab
related by an internal gauge
transformation,
h′ab = hab + ηac∇cξb + ηbc∇cξa, (7)
will represent the same physical configuration, with gen-
erators verifying the conditions
∇aξa = 0, ξa = 0. (8)
Notice that the internal gauge transformation (7) and the
external transformation associated with a general change
of coordinates with generators ξ˜a,
h′
ab
= hab + ξ˜c∇chab + hac∇cξ˜b + hbc∇cξ˜a, (9)
are completely different from each other: the space of
generators is different and so is their implementation in
the symmetry transformation. Moreover, the last trans-
formation affects the coordinates and the rest of fields.
It is easy to check that the traceless and transverse
conditions are preserved by these internal gauge trans-
formations. These constraints in the definition of the
field hab can be thought as the elimination of the scalar
and vector representations of the Poincare´ group (see ap-
pendix I in [16]). A detailed analysis shows that one can
always find a vector ξa such that the states with helicites
σ = 0,±1 are gauged away or, in other words, the cor-
responding components h00 and h0i, i = 1, 2, 3 are set to
zero while the remaining components are constrained so
that there are two independent degrees of freedom. An-
other common choice to show this is the light-cone gauge
[17].
Notice that there are only two contractions of (∇h)2
with metric objects (ηab, η
ab and δab ) which are not zero
by the traceless and transverse conditions (5). By virtue
of this, the Lagrangian density should have the form
LG,0 := c1η
aiηbjηck∇ahbc∇ihjk + c2δakδicηbj∇ahbc∇ihjk.
(10)
Here c1 and c2 are real constants. The second term is
equivalent to a total divergence because of the transverse
condition in (5), so it does not affect the form of the
equations of motion. However, its presence can affect the
definition of the source of the self-interacting equations
as we will see. We can set the normalization to c1 = −1/4
and introduce a bit of notation to conveniently write the
free action as:
AG,0 :=
1
4
∫
dVηM
ai
s bcjk(η)∇ahbc∇ihjk, (11)
where dVη := d
4x
√−η is the Minkowski volume element
and the Lorentz tensor Mai
s bcjk(η) is given by:
Mai
s bcjk(η) := s
[
ηb(jδ
a
k)δ
i
c + ηc(jδ
a
k)δ
i
b
]
−
−ηaiηb(jηk)c. (12)
The tensorial quantity Mai
s bcjk(η) is symmetric under
b ↔ c, j ↔ k and (a, b, c) ↔ (i, j, k), as one can check
from its definition. When used in the action we do not
need to worry about these symmetries because it is con-
tracted with an object, (∇h)2, which already has these
symmetries. However, to solve the iterative equations
3
of the self-coupling problem it will be necessary to use
its symmetric form as it appears in (12). The param-
eter s, directly proportional to c2, controls the surface
terms we are considering in the free action. One can
easily check that this action is invariant up to a surface
term under the gauge transformations (7) with genera-
tors satisfying (8). In fact, the case s = 1 is special in
the sense that one could drop the second condition in
(8) and these transformations are still a symmetry. For
this reason we will always assume that this is the case
i.e. only the first condition in (8) applies when consider-
ing s = 1, thus recovering the minimal theory of gravi-
tons which was considered in [18]. The reader will notice
that, through the calculations in section IV, we always
keep using the object hab and never its covariant counter-
part hab := ηacηbdh
cd. This simplifies some steps which
involve taking variational derivatives with respect to an
auxiliary metric γab after the replacement ηab → γab in
the action. In the following, this traceless field will be
called spin-2 field.
An alternative way of constructing a spacetime field
hab is to drop the traceless and transverse conditions
in (5) while enlarging the gauge symmetry. This is the
well-known Fierz-Pauli theory [19], in which the funda-
mental field is just a symmetric Lorentz tensor. We will
call it Fierz-Pauli field. We are not going to enter into de-
tails here about the construction of the Fierz-Pauli action
as the procedure is equivalent (but a little more involved)
to the one we have followed for the spin-2 field. The de-
tails can be found e.g. in [8], and we will mention part
of them in section VI. Notice that the transverse and
traceless conditions can be imposed on the Fierz-Pauli
field only within the space of solutions of the free theory.
That is, the so-called transverse-traceless gauge can be
applied only for fields hab verifying the condition
∇a∇bhab = ηabhab, (13)
which is precisely the trace of the Fierz-Pauli dynamical
equations [20].
To develop the self-coupling scheme, we are going to
treat these theories as classical field theories. Our conclu-
sions are applicable then to the long wavelength limit of
theories in which a graviton propagates over Minkowski
space in interaction with matter, independently of the
ultraviolet completion of the theory.1 From the point of
view of the classical equations of motion, which are what
we are interested in, surface terms in the resulting action
of the self-interacting theory are irrelevant. Notice that,
if there is a regime in the theory in which gravity func-
tions classically but the matter fields behave quantum-
mechanically (semiclassical gravity), it is reasonable to
1 In particular, the notion of a Minkowski preferred background
could be emergent in the sense of being applicable only below
some characteristic energy scale, instead of a fundamental struc-
ture present in all regimes [21].
expect that our conclusions would also apply to it as the
self-coupling only occurs in the gravitational sector, still
described by c-numbers.
III. COUPLING TO MATTER
In this section we address the question: could we make
an interacting theory of the spin-2 and matter fields? We
have included this review section to facilitate the read-
ing of the paper, but its contents are well known in the
literature (see [20] and references therein).
To couple a matter field to the spin-2 field we need
to define a quantity T˜ab that is symmetric, traceless and
transverse on solutions. Then, we could write:
hab = λT˜ab. (14)
A natural consistency condition is to impose that this
equation can be obtained from an action. In fact, it can
be obtained as the corresponding Euler-Lagrange equa-
tion with respect to restricted variations of hab (such that
ηabδh
ab = 0) as long as we add to the Lagrangian density
a term
∆L := λhabTab, (15)
with Tab symmetric, transverse on solutions, and with
constant trace. An object with these characteristics is
precisely the stress-energy momentum tensor, where the
transverse condition amounts to its conservation. We
comment on the condition of constancy of the trace at the
end of the section; for now let us just require conservation
of Tab.
One inmediately realizes that one cannot use the
stress-energy tensor of the free matter theory: for consis-
tency one must use the total stress-energy tensor of the
interacting theory. Had we started tentatively by adding
a term λhabTMab to the Lagrangian density of the matter
sector, with TMab the free matter stress-energy tensor, this
very term would have changed the matter stress-energy
tensor making necessary to add new energetic contribu-
tions to the Lagrangian density. This iterative process is
the one we are going to follow in the next section.
This is a general property of the coupling with matter:
as the coupling is done through the stress-energy tensor,
the transverse condition for the spin-2 field implies that
the total matter traceless stress-energy tensor should be
divergenceless.2 However, this would not be the case
when interaction is switched on, as the matter fields no
longer behave as an isolated system, being the energy
transferred between them and the spin-2 field. The nat-
ural way to remedy this is to realize that the spin-2 field
2 It can be seen that when the transverse condition is relaxed, it is
the resulting gauge invariance of the theory the responsible for
this feature [20].
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must also act as a source of itself (the charge/source of
the graviton field is the energy and gravitons should pos-
sess energy), which leads us to the issue of the spin-2 field
self-coupling. Therefore, the iterative procedure has to
act also in the spin-2 sector.
An important problem shows up when thinking about
the stress-energy tensor of the spin-2 sector: there is no
way of constructing a non-trivial conserved stress-energy
tensor for the spin-2 field that is invariant under the
gauge transformations (7) [22, 23]. By non-trivial we
mean that it is not exactly zero for any solution. An in-
direct way of realizing it could be the Weinberg-Witten
theorem [13, 24], which explicitly forbids this possibil-
ity. Thus, one cannot associate a local notion of energy
with the physical configurations in the free theory.3 One
can live with this fact if the theory is non-interacting,
so that there is no operational way to define what it is
energy-momentum. Within an interaction scheme this is
untenable.
As mentioned before, strictly speaking the consistency
of a complete nonlinear spin-2 theory will need that the
transverse condition applies to the traceless object T˜ab,
independently of that of Tab. When the trace of the
stress-energy tensor is a constant the conservation of Tab
implies the conservation of T˜ab. On this respect, notice
that the trace of the stress-energy tensor of a single lin-
ear matter sector (e.g. a single scalar field) is always a
constant as there are no sources that can cause an inho-
mogeneity in the system, and hence in the trace. When
putting together the spin-2 and matter sectors with all
its nonlinear interactions, we do not know a priori what
could happen. All in all one is left with the expectation
that when applying a consistent self-interacting scheme
some meaningful result would show up for all the stand-
ing problems. We will come back to this issue after find-
ing the solutions to the self-coupling problem.
IV. SELF-COUPLING
The first question to answer when considering a self-
interacting scheme is: what is the object to which we are
going to couple the spin-2 field in a first stage? A nat-
ural candidate to consider is the canonical stress-energy
tensor, that is, a conserved quantity of any field theory
which is Poincare´ invariant, associated with invariance
under translations:
Θab := L0δ
a
b −
δL0
δ(∇aψµ)∇bψ
µ, ∇aΘab = 0. (16)
Here L0 is the free Lagrangian density of both spin-2 and
matter fields, collectively denoted by ψµ. If we manage to
3 Something equivalent happens in non-abelian Yang-Mills theory:
one cannot find a Lorentz covariant conserved current which is
at the same time gauge invariant.
use this quantity as the right-hand side of our equations
of motion for hab, the theory will naturally verify the
condition obtained by Weinberg [25, 26] as a necessary
one if we want to have a Lorentz-invariant theory: the
coupling between the spin-2 field to matter and to itself
must be governed by the same coupling constant.
However, direct use of this quantity is not possible:
in general, the fully covariant or contravariant counter-
parts of (16) are not symmetric. But we can exploit the
ambiguity in the addition of identically conserved ten-
sors, the so-called Belinfante-Rosenfeld terms, to obtain
a symmetric stress-energy tensor which leads to the same
conserved quantities. This symmetric stress-energy ten-
sor is not unique: one can still add identically conserved
tensors keeping the symmetric character. All the manip-
ulations that follow can be performed by directly using
the symmetrized versions of the canonical stress-energy
tensor. Therefore, these manipulations in no way involve
any curved spacetime notion. However, as shown by Be-
linfante and Rosenfeld [27, 28], these symmetric stress-
energy tensors can be equivalently obtained by the simple
Hilbert prescription,
Tab := − lim
γ→η
1√−γ
δA0
δγab
, (17)
where the flat metric ηab in A0 has been replaced by an
auxiliary (generally curved) metric γab, being γ
ab its in-
verse. Recall that the two steps one needs to follow are:
write the action in curvilinear coordinates in flat space,
and then generalize it to curved space. It is in this second
step where the ambiguities show up in Hilbert’s prescrip-
tion. In practice, the ambiguities in the stress-energy
tensor appear now as the addition of non-minimal cou-
plings of the physical fields to the auxiliary metric γab,
and they are added to the one-parameter family of sur-
face terms we are considering in the free action (11). In
fact, as we will see later these non-minimal couplings can
be understood as surface terms in the original free action,
though different from the one-parameter family we have
been considering up to now. We will show that these dif-
ferent choices of stress-energy tensor as the source lead
to different solutions to the self-coupling problem. Let
us stress again that here we use Hilbert’s prescription as
a mere calculational device and insist in that no curved
spacetime notion is used throughout the calculations.
Now that we have discussed the relevant properties
of the stress-energy tensor, we would like to derive the
self-interacting equations of motion from an action. The
coupling constant is denoted by λ. This can be done if we
add a term λA1 of order O(λ) in the action, such that:
δA1
δhab
= lim
γ→η
δA0
δγab
. (18)
Here A0 has two terms: the free action for the spin-2
field given by (11) and the matter content one wants to
consider, A0 = AG,0 + AM,0.
As noticed by Gupta [3], this additional term of order
O(λ) in the action would modify the definition of the
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source by a term of order O(λ2), which implies that we
need to contemplate a term λ2A2 in the action. This is
the iterative procedure we would want to solve for. It
will generate an action of the form4
A =
∞∑
n=0
λnAn, (19)
where the set of partial actions {An}∞n=1 must verify the
iterative equations
δAn
δhab
= lim
γ→η
δAn−1
δγab
, n ≥ 1. (20)
In more detail, let us write the resulting action of the
self-coupling procedure as
A := A0 + AI, (21)
where the free part A0 is already defined and AI is the
self-interacting part we are going to solve for. Given this
action, one would be able to obtain its stress-energy ten-
sor. AI is then fixed by the requeriment of leading to
this stress-energy tensor as the source of the equations of
motion:
δAI
δhab
= λ lim
γ→η
δ(A0 + AI)
δγab
. (22)
One just needs to expand AI =
∑∞
n=1 λ
nAn and compare
different orders in the coupling constant λ to obtain the
set of iterative equations (20).
Recall that we started with traceless equations of mo-
tion. This means that, to keep the same number of equa-
tions of motion in the iterative procedure, the field hab
must be constrained in some way. One option is to main-
tain the traceless condition with respect to the original
Minkowski metric. In any case, the set of equations (20)
is general enough to permit the imposition of this condi-
tion, as well as other possible scalar constraints over the
field hab, after finding its solution. So we postpone this
discussion to section V, although we will keep in mind the
existence of this constraint which, at least at the lowest
order, must be equivalent to the traceless condition.
The integration of the iterative equations for the mat-
ter part is straightforward, as the corresponding part of
the stress-energy tensor does not contain the spin-2 field
explicitly. That is, the matter part of the right-hand side
of (18) is independent of hab at the lowest order, linear at
first order, and so on, making the integration of this part
4 Notice that there is no reason to expect, in principle, this series
to be infinite. There are two examples in the literature of this
kind of series: the first one is the trivial one, in the sense that
one does not consider self-interactions of the graviton field (see
paragraph below). This series is infinite. The only example of a
self-interacting series is the one constructed by Deser [6] which
is finite, with only A1 6= 0. In this work we are going to consider
always infinite series.
of the equation trivial. The resulting action is obtained
as a Taylor series which can be summed. The formal
result of this sum is the free matter action expressed in
terms of a curved metric, AM,0(g) with g
ab := ηab+λhab
[6, 8]. Notice that non-minimal couplings to matter are
not ruled out by any consistency condition, so minimal
coupling to the physical metric in the resulting matter
action is not a necessity in this approach. It is the grav-
itational self-interacting part of the iterative procedure
which has to be handled carefully, and this is the part we
are going to work with in the rest of the text.
Concerning this self-interacting part, one could expect
that the resulting theory exhibits a nonlinear deforma-
tion of the original gauge invariance, which is broken at
each stage of the iterative procedure. The search for
this symmetry has been a commonly used route to ar-
gue that general relativity should be the only consistent
self-interacting theory of the Fierz-Pauli field, as the only
nonlinear deformation of such linear symmetry is diffeo-
morphism invariance [16, 29, 30] (see also the related
discussion in [20]). However, here we would like to un-
derstand the interplay between the preservation of this
symmetry and the iterative self-coupling procedure, in-
stead of taking its existence as an assumption from the
beginning.
In the rest of the section we are going to solve the
iterative equations (20) step by step. First we are going
to solve these equations in the simplest case in which
there are no non-minimal couplings. We show then that
there is a unique solution of these iterative equations,
which corresponds to a selection of a certain value of the
parameter s in (12). Then we devote the next subsection
to understand the role of non-minimal couplings. Their
inclusion will permit us to obtain the general solution to
the self-coupling problem.
A. Explicit integration and summation of the
series
In this section we are going to see how to manage the
infinite set of iterative equations (20) fot the spin-2 field.
Let us start with the first-order iterative equation (18).
To do that, we are going to evaluate the right-hand side
of this equation and then integrate the functional form
to obtain the corresponding left-hand side.
The first step is to apply Hilbert’s prescription to ob-
tain the source of the equations of motion. To do that
we have to extend the action (11) to a general curved
metric.5 Adopting a minimal prescription we can write:
A0[γ] =
1
4
∫
dVγ M
ai
s bcjk(γ)∇′ahbc∇′ihjk, (23)
5 It is in this step where the ambiguities in the addition of non-
minimal coupling terms can arise. We will deal with this am-
biguity in the following section, thus making here the simplest
choice.
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where we have dropped the G subindex. Here ∇′ is
the covariant derivative with respect to γab and dVγ :=
d4x
√−γ the corresponding volume element. Notice that
we have changed the metric in the argument of the tensor
Mai
s bcjk(η) defined in (12).
We obtain the stress-energy tensor by performing vari-
ations on this metric, and then taking the limit back
to flat space. Under such a variation, the action (23)
changes as:
δA0[γ] =
1
4
∫
d4x δ[
√−γMai
s bcjk(γ)]∇′ahbc∇′ihjk+
+
1
2
∫
d4x
√−γMai
s bcjk(γ)δ[∇′ahbc]∇′ihjk.
(24)
The first term gives two contributions, one coming from
the variation of the determinant and the other from the
variation of Mai
s bcjk(γ). There are two possible ways of
dealing with the former. The first one is to notice that the
first-order equation must be traceless so the correspond-
ing term is not going to contribute. This observation can
be extended to all orders with the following recipe: do
not change the measure in the partial actions An when
writing them in terms of the auxiliary metric γab. Al-
though a departure from Hilbert’s prescription, this al-
ternative procedure leads to a sensible source to be used
in the self-coupling procedure when the constraints on
the field hab are taken into account. We shall follow this
approach in this section. A second option is to proceed
with no previous knowledge of the restrictions on hab and
integrate the contribution coming from the variation of
the determinant. The iterative equations (20) are linear,
so we only need to add the corresponding contribution
obtained this way to the result of the calculations of this
section. We will show in the next section what is the
result of this procedure. Of course, this is only an oper-
ational choice which does not affect the physical results
at the end of the day, when the constraints on the field
hab are considered.
Let us now deal with the second term of (24). There we
have the difference of two Levi-civita connections associ-
ated with γab and γab+δγab, respectively. This difference
is characterized by the tensor
C′
b
ad :=
1
2
(γbe + δγbe)∇′µ(γνρ + δγνρ)Dµνρaed, (25)
where
Dµνρaed := δ
µ
a δ
(ν
d δ
ρ)
e + δ
µ
d δ
(ν
a δ
ρ)
e − δµe δ(ρa δν)d , (26)
(see e.g. [31]). Then one can see that the variation
δ[∇′ahbc] is given, at first order, by:
δC′
(b
adh
c)d = γe(bhc)d∇′µδγνρDµνρaed. (27)
The notation δC′
a
bc here means that we only take the
terms in (25) which are linear in the variations δγab. If
we integrate by parts, the contribution of these terms
equals to
−1
2
∫
d4x δγνργ
e(bDµνρaedM
ai
s bcjk∇µ[hc)d∇ihjk] =
=
1
2
∫
d4x δγpqγpνγqργ
deDaνρ
µe(bM
µi
s c)djk∇a(hbc∇ihjk).
(28)
The corresponding source then takes the form:
Tpq := −1
4
δMai
s bcjk
δγpq
∣∣∣∣∣
γ→η
∇ahbc∇ihjk−
−1
2
ηpνηqρη
deDaνρ
µe(bM
µi
s c)djk∇a(hbc∇ihjk). (29)
Notice that this expression contains second derivatives
of the spin-2 field. It is important to notice also that
it naturally splits into two kinds of terms, proportional
to (∇h)2 and ∇(h∇h), respectively. As it stands, it is
symmetric under the exchanges p↔ q and b↔ c.
The objective now is to find a term in the action λA1
whose variation with respect to hab gives the desired
source term. The most general expression which con-
tains no more than two derivatives of the spin-2 field can
be always written as:
1
4
∫
dVηN
ai
bcjkpq(η)h
pq∇ahbc∇ihjk. (30)
Then taking the functional derivative with respect to hab
we obtain
1
4
∫
dVη
[
Nai bcjkpq(η)∇ahbc∇ihjk−
− 2Nai pqjkbc(η)∇a(hbc∇ihjk)
]
δhpq. (31)
We get two equations coming from the comparison of the
coefficients accompanying the two independent combina-
tions (∇h)2 and ∇(h∇h) in both eqs. (29) and (31):
Nai bcjkpq(η) =
δMai
s bcjk(γ)
δγpq
∣∣∣∣∣
γ→η
, (32)
and
−Nai bcjkpq(η) = ηpνηqρηdeDaνρµe(bMµis c)djk(η). (33)
The first equation provides the form of the first-order
action (30). The second equation then becomes a con-
sistency condition that must be satisfied for the whole
procedure to be well-defined:
−δM
ai
s pqjk(γ)
δγbc
∣∣∣∣∣
γ→η
= ηpνηqρη
deDaνρ
µe(bM
µi
s c)djk(η).
(34)
It is this equation which imposes restrictions to the so-
lutions of the iterative equations which, in fact, select
7
s = 1. To obtain this condition on s, let us notice that
the right-hand side of (34) can be written as
ηpbM
ai
s qcjk(η) + δ
a
b ηpµM
µi
s qcjk(η)−
−ηpbηqµηadMµis dcjk(η), (35)
where we must impose a symmetrization under the ex-
change of indices p ↔ q and b ↔ c. It is useful to write
this expression explicitly by using (12),
s ηpb
[
ηq(jδ
a
k)δ
i
c + ηc(jδ
a
k)δ
i
q
]
− ηpbηaiηq(jηk)c+
+s δab
[
ηp(jηk)qδ
i
c + ηp(jηk)cδ
i
q
]
− δab ηq(jηk)cδip−
−s
[
ηaiηpbηq(jηk)c + ηpbηq(jδ
a
k)δ
i
c
]
+ δiqδ
a
(jηpbηk)c, (36)
and symmetrize this equation with respect to p ↔ q, so
it can be simplified to:
s
[
ηpbηc(jδ
a
k)δ
i
q + ηqbηc(jδ
a
k)δ
i
p
]
+ δab δ
i
cηp(jηk)q−
−s+ 1
2
ηai
[
ηpbηc(jηk)q + ηqbηp(jηk)c
]
+
+
s− 1
2
δab
[
ηp(jηk)cδ
i
q + ηq(jηk)cδ
i
p
]
. (37)
This equation must be compared with the left-hand side
of (34) i.e. with
− δM
ai
pqjk(γ)
δγbc
∣∣∣∣∣
γ→η
= s
[
ηpbηc(jδ
a
k)δ
i
q + ηqbηc(jδ
a
k)δ
i
p
]
+
+δab δ
i
cηp(jηk)q − ηai
[
ηpbηc(jηk)q + ηqbηp(jηk)c
]
,
(38)
which must be still symmetrized under the exchange b↔
c. A direct comparison of these equations tells us that
the only solution of (34) is given by s = 1.
In this way, we have shown how to integrate the first-
order iterative equation (18). The result is:
A0 + λA1 + O(λ
2) =
=
1
4
∫
dVηM
ai
1 bcjk(η + λh)∇ahbc∇ihjk + O(λ2). (39)
Now that we have worked out the first order in detail,
the objective is to show that the result which can be
anticipated from this order is in fact the correct result.
That is, that the total action is:
A =
1
4
∫
dVηM
ai
1 bcjk(η + λh)∇ahbc∇ihjk. (40)
So we decompose this ansatz (40) in partial actions, A =∑∞
n=0 λ
nAn, with
An =
1
4n!
∫
d4x
δnMai1 bcjk(γ)
δγpqδγst . . .
∣∣∣∣∣
γ→η
∇ahbc∇ihjkhpqhst . . . ,
(41)
and apply the iterative equations (20) to this sequence,
finding the consistency condition:
n ηpνηqρη
deDaνρ
µe(b
δn−1Mµi1 c)djk(γ)
δγst . . .
∣∣∣∣∣
γ→η
=
= − δ
nMai1 pqjk(γ)
δγbcδγst . . .
∣∣∣∣∣
γ→η
. (42)
Notice the symmetrization of the pair (b, c). To work bet-
ter with this expression, we can avoid at first to evaluate
it in the limit γ → η, working thus with the equation
n γpνγqργ
deDaνρ
µe(b
δn−1Mµi1 c)djk(γ)
δγst . . .
= −δ
nMai1 pqjk(γ)
δγbcδγst . . .
,
(43)
which can be viewed as a differential equation with an
initial condition imposed in flat space. In fact, if we drop
the indices we can write it schematically as
nΘ(γ)
∂n−1M(γ)
∂γn−1
= −∂
nM(γ)
∂γn
, (44)
with Θ ∼ (γ)−1. Up to now, we have shown that (34) is
valid, which in this simplified notation becomes
Θ(γ)M(γ) = −∂M(γ)
∂γ
. (45)
Thus to show by induction that (40) is in fact the solution
to the iterative problem we only need, as we have already
proved that it holds for n = 1, to show that Θ(γ) verifies
the differential equation:
∂Θ(γ)
∂γ
= −Θ2(γ), (46)
as it is indeed the case. Coming back to the full equa-
tions, one has:
−δ
n+1Mai1 pqjk(γ)
δγuvδγbcδγst . . .
= n γpνγqργ
deDaνρ
µe(b
δnMµi1 c)djk(γ)
δγuvδγst . . .
+
+nDaνρ
µe(b
δn−1Mµi1 c)djk(γ)
δγst . . .
δ
δγuv
(
γpνγqργ
de
)
+
+{(u, v)↔ (b, c)}.
(47)
Then the consistency condition with the induction can
be read as:
Daνρ
µe(b
δn−1Mµi1 c)djk(γ)
δγst . . .
δ
δγuv
(
γpνγqργ
de
)
+
+Daνρ
µe(u
δn−1Mµi1 v)djk(γ)
δγst . . .
δ
δγbc
(
γpνγqργ
de
)
=
=
1
n
γpνγqργ
deDaνρ
µe(b
δnMµi1 c)djk(γ)
δγuvδγst . . .
+
+
1
n
γpνγqργ
deDaνρ
µe(u
δnMµi1 v)djk(γ)
δγbcδγst . . .
. (48)
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Because of the symmetrization, we can take only one of
the terms in each side of the last equation, thus obtaining
the equation:
Daνρ
µe(b
δn−1Mµi1 c)djk(γ)
δγst . . .
δ
δγuv
(
γpνγqργ
de
)
=
=
1
n
γpνγqργ
deDaνρ
µe(u
δnMµi1 v)djk(γ)
δγbcδγst . . .
=
= −γpνγqργdeDaνρµe(uγdαγv)βγγδDµαβθδ(b
δn−1Mθi1 c)γjk(γ)
δγst
.
(49)
In the last line we have used (43). So we arrive at the
equation:
Daνρµeb
δ
δγst
(
γpνγqργ
de
)
=
= −γpνγqργγeDaνρθe(sγγαγt)βγdδDθαβµδb, (50)
where we have changed the free indices to avoid potential
confusions. This is the equation represented schemati-
cally by (46). The reader can find in appendix A the
demonstration that this algebraic relation is indeed true
and, therefore, the induction proof is finished.
Notice that, as the construction of the iterative series
relies ultimately in the solution of a system of ordinary
differential equations schematically represented by (45),
with an initial condition posed in flat space, the solution
is unique. The solution A is then
1
4
∞∑
n=0
λn
n!
∫
dVη
δnMai1 bcjk
δγpqδγst . . .
∣∣∣∣∣
γ→η
∇ahbc∇ihjkhpqhst · · · =
=
1
4
∫
dVηM
ai
1 bcjk(η + λh)∇ahbc∇ihjk =
=
1
4λ2
∫
dVηM
ai
1 bcjk(g)∇agbc∇igjk = A ,
(51)
where we have defined the field
gab := ηab + λhab. (52)
Remember that ∇ is the covariant derivative compatible
with ηab.
B. Non-minimal couplings and surface terms
In this section we shall deal with the effect of allow-
ing contributions to the stress-energy tensor coming from
non-minimal couplings or, what is equivalent in this case,
covariant surface terms. These terms fully parametrize
the ambiguity inherent to the definition of the source in
the equations of motion. They must be considered for the
sake of completeness when the free action in flat space
is generalized to a general metric space in terms of the
auxiliary metric γab, remember e.g. (23).
Non-minimal couplings are defined as scalar quantities
which can be written in terms of the auxiliary metric γab
in the procedure above and the spin-2 field, and which
vanish in the flat-space limit. The most general form of
these terms, as they would be added to (23), is given by:∫
dVγ
[
Aibcjk(γ,∇γ)hbc∇ihjk +Bbcjk(γ,∇γ)hbchjk
]
.
(53)
The first function Aibcjk(γ,∇γ) must be
proportional to ∇γ, while the second one
Bbcjk(γ,∇γ) to (∇γ)2 or ∇2γ. Using the flat co-
variant derivative ∇ guarantees that these terms vanish
in the flat-space limit. We have also restricted them with
the condition of leading to contributions to the stress-
energy tensor which are quadratic in the derivatives
of the spin-2 field. These contributions are obtained
by varying this expression with respect to γab (after
integrating by parts) and then taking the flat-space
limit.
The reader could find strange the form (53) we asso-
ciate with non-minimal couplings. While the usual repre-
sentation uses curvature-related tensor quantities, as the
Riemann tensor, constructed from specific combinations
of the auxiliary metric and its ordinary derivatives ∂γ,
in (53) we are using arbitrary scalar combinations of the
metric and its covariant derivatives ∇γ. To do that we
are exploiting the fact that we have a Minkowski refer-
ence metric, which permits us to easily construct scalar
quantities which contain the (η-covariant) derivatives of
the auxiliary metric. Let us consider as an example the
Riemann tensor: given a generic decomposition of a met-
ric γab in the form γab = qab + ǫab, one can always write
its Riemann tensor, Ribcj(γ), as
Ribcj(γ) = R
i
bcj(q) + 2∇¯[cC¯ij]b + 2C¯id[cC¯dj]b. (54)
In this expression, C¯abc is the tensor which characterizes
the difference between covariant derivatives with respect
to the two metrics γab and qab, respectively denoted by∇′
and ∇¯ (see for example [31], Eq. D7 adapted to our sign
conventions). Now one can consider the special situation
in which qab = ηab to realize that the Riemann tensor of
γab can be written as a particular case of the integrand
in the expression (53).
With this definition of the possible non-minimal cou-
plings, it is not difficult to realize that the same effect
can be reproduced by adding a general covariant surface
term instead. This term would have the following form,
after writing the original action in terms of the auxiliary
metric (i.e. it would be added to (23)):∫
dVγ∇′a
(
Siabcjk(γ)h
bc∇′ihjk
)
. (55)
As in the case of non-minimal couplings, this is the
most general possible expression containing two covari-
ant derivatives of the spin-2 field. Recall that ∇′ is the
covariant derivative associated with γab.
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Whether surface terms contribute or not to the stress-
energy tensor is a matter of choice. If we first substitute
the bulk integral by an integral in the boundary, and
then perform variations of γab but maintaining it fixed on
this boundary, one would obtain nothing from this vari-
ation. If instead one first performs this same variation,
one obtains a local contribution to the stress-energy ten-
sor inside the boundary, which does not change the val-
ues of global charges. Which stress-energy tensor is the
appropriate one can only be distinguished precisely by
gravitational experiments. Without further knowledge
this is an ambiguity in the definition of the stress-energy
tensor (it is equivalent to the ambiguity exploited in the
Belinfante-Rosenfeld prescription).
The question now is whether the results we have ob-
tained in the previous section could change because of the
introduction of non-minimal couplings. In other words,
we want to know whether there exists a different func-
tional
A
′
1 :=
1
4
∫
dVηO
ai
bcjkpq(η)h
pq∇ahbc∇ihjk, (56)
solution up to order O(λ) of the iterative procedure when
certain additional terms in the stress-energy tensor are
taken into account.
The effect of these surface terms or non-minimal cou-
plings would be to add some terms of the form ∇(h∇h)
to the stress-energy tensor. Thus, the iterative equations
give us two conditions, analogous to (32) and (33): the
first one is directly
Oai bcjkpq =
δMai
s bcjk
δγpq
∣∣∣∣∣
γ→η
, (57)
as in the minimal coupling case, while the second one will
notice the effect of the surface terms, as it is changed to
−Oai bcjkpq =
= ηpνηqρη
deDaνρ
µe(bM
µi
s c)djk +∆
ai
bcjkpq , (58)
where the term ∆ai bcjkpq is the contribution coming from
the surface term.
The second equation must be now understood as the
condition which permits us to know what surface term
we need in order to make the self-coupling procedure con-
sistent for different values of the parameter s. That is,
the addition of surface terms allows us to find solutions
to the problem for s 6= 1. Now the first equation (57)
implies that the solution, if it exists, will be expressable
as the first term of a Taylor expansion in λ of the free
action displaced to ηab + λhab, for any value of s. That
is,
A0 + λA1 + O(λ
2) =
=
1
4
∫
dVηM
ai
s bcjk(η + λh)∇ahbc∇ihjk + O(λ2). (59)
Then, the complete iterative procedure will give place to
the complete Taylor series in complete analogy with the
minimal coupling case (51).
Let us consider now the issue of the variation of the
volume element dVγ or, in other words, of the factor
√−γ
in the partial actions An[γ]. The only difference in the
integration of the first-order iterative equation is that the
variation of the determinant δ
√−γ must be taken into
account in (24). This implies that the measure in (59) as
well as in the final action would be given by dVg := dVη κ
with κ :=
√−g/√−η instead of dVη. But the effect of
this volume element at each order can be absorbed by
non-minimal couplings as we did to obtain the solutions
(59) with values of the parameter s 6= 1. This means that
the general solution to the self-coupling problem is given
by:
A =
1
4
∫
dVη κ
′Mai
s bcjk(η + λh)∇ahbc∇ihjk =
=
1
4λ2
∫
dVη κ
′Mai
s bcjk(g)∇agbc∇igjk . (60)
This form (specially the fact that only the combination
gab = ηab+λhab appears) was not a logical necessity from
the beginning, but the analysis shows that it is actually
the result. The factor κ′ is either κ′ = 1 or κ′ = κ
depending on the prescription we follow to obtain the
source at different orders. By expanding this action with
respect to gab = ηab + λhab in the formalism of [9], one
can alternatively see that it indeed leads to a solution to
the self-coupling problem with the appropriate quadratic
(zeroth order) form for each value of the parameter s, and
evaluate the necessary surface terms in a different way.
What at the linear level is a surface term, in the final
theory is no longer reducible to a surface term, giving
place to a complete s-parameter family of solutions to the
problem. Before ending this section, let us recall that all
the solutions we have found are constructed as bimetric
theories. Although the final theories all exhibit the tensor
gab in their coupling to matter, the flat metric ηab forms
also part of the construction. We will discuss later what
happens if one decides to eliminate ηab to make contact
with the standard general relativistic formulations.
V. THE FULL ACTION: RELATION WITH
UNIMODULAR GRAVITY
In this section we briefly analyze the resulting non-
linear theories which we have obtained as solutions to
the self-coupling problem. In particular, we investigate
the internal gauge symmetry of these theories, and argue
that this feature can be used to distinguish between the
different possibilities.
Summarizing, we have found a family of theories (60)
which depend on a real parameter s and are expressed
in terms of the variable gab = ηab + λhab. Moreover,
this field gab is constrained by a finite version of a (pos-
sibly) nonlinear equation of the form fabδg
ab = 0. This
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constraint guarantees that the resulting theory has the
same degrees of freedom as the original linear construc-
tion of the spin-2 field. Being this a scalar constraint,
two options arise: ηabh
ab = 0 or
√−g = √−η. The
first one is the original constraint imposed in the free-
field functional space. However, when considering the
self-interacting theory it is natural to expect that a mod-
ified nonlinear condition unfolds instead of maintaining
the original traceless condition. This is the second case
which reduces to the first one at the lowest nontrivial
order in the coupling constant λ. These different selec-
tions of the parametric and functional freedom lead to
different theories. Each theory has its own peculiarities
which one can like or dislike. Let us now discuss these
peculiarities case by case. Notice that all of these theo-
ries are by construction invariant under general changes
of coordinates. However, the amount of internal gauge
symmetry that they present can be different.
A. Nonlinear trace theories
In this section we will consider that the deformation√−g = √−η holds. Under this condition, κ′ = 1 always.
The first useful thing to do is try to express the action of
the theory, (60), in an alternative form. To do that, let us
introduce the derivative operator ∇˜ associated with the
field gab interpreted as a spacetime metric, such that:
∇˜agbc = 0. (61)
Now we can define a tensor field Ccab relating the two
derivative operators ∇˜ and ∇.6 We are going to show
that the entire action can be written in terms of this
tensor field.
If we expand the compatibility condition (61) and mul-
tiply it by the field gab, one has:
gak∇kgbc = −Cbklgakgcl − Ccklgakgbl. (62)
By performing permutations of the free indices of this
equation, we can write
− 2Ccklgakgbl = gak∇kgbc + gbk∇kgac − gck∇kgab. (63)
Now we can multiply this equation by the inverse matrix
gab (which has nothing to do with the contravariant ver-
sion of gab obtained by acting twice with the flat metric
ηab) to solve for C
c
ab:
Ccab = −
1
2
galgbm
(
glk∇kgmc + gmk∇kglc − gck∇kglm
)
=
= −1
2
(
gbm∇agmc + gal∇bglc − galgbmgck∇kglm
)
.
(64)
6 The most consistent notation with previous definitions would
be C˜c
ab
instead of Cc
ab
. However, here we have chosen the lat-
ter notation which simplifies the appearance of the subsequent
equations.
Then one has:
gabCijaC
j
ib =
=
gab
4
(
gjl∇agli + gal∇jgli − galgjmgik∇kglm
)×
× (gbn∇ignj + gin∇bgnj − girgbsgjn∇ngrs) =
=
1
4
(
2gln∇jgli∇ignj − glngjmgik∇kglm∇ignj
)
=
=
1
4
Mai1 bcjk(g)∇agbc∇igjk. (65)
This means that we can write the action, at least for the
special case s = 1, as:
1
4λ2
∫
dVηM
ai
1 bcjk(g)∇agbc∇igjk =
1
λ2
∫
dVη g
abCijaC
j
ib.
(66)
What is interesting about this expression is that it per-
mits us to connect with the usual geometrical language of
general relativity, with gab playing the role of the space-
time metric. To see that, let us consider the Einstein-
Hilbert action which contains the curvature scalar R of a
metric gab. As we have already discussed in IVB, if the
metric is split as gab = ηab + λhab, the curvature scalar
can be written in terms of η-compatible derivatives ∇ of
the field Ccab. Then, we can eliminate a surface term by
just realizing [32] that
2
λ2
∫
dVg g
bj
(
∇[cCcj]b + Ccd[cCdj]b
)
=
=
2
λ2
∫
dVη∇c(
√−gδ[ca gd]bCabd)−
2
λ2
∫
dVg g
bcCcd[cC
d
j]b.
(67)
The surface term is
2
λ2
∫
dVη∇c(
√−gδ[ca gd]bCabd), (68)
and the remaining action is precisely
− 2
λ2
∫
dVg g
bcCcd[cC
d
j]b. (69)
This action was first written by Rosen in the context of
a gravitational theory with a preferred flat background
[1]. Notice that the expression under the integral sign
in this last equation is a scalar under general coordinate
transformations, so one does not need to complement it
with a surface term to ensure this invariance. On the
other hand, it is not a scalar under internal gauge trans-
formations as one would need to add the surface term
(68) to guarantee that. In this work we stick to a bimet-
ric formulation (in the sense of Rosen), as our analysis
shows that it is really one of the most important conse-
quences of giving full credit to the self-coupling problem.
It is not possible to obtain unimodular gravity (or general
relativity, see next section) in a strict sense but Rosen’s
reformulation of it, when starting from a free theory in
flat spacetime and using only flat-spacetime notions.
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The only thing we need to do to make full contact
with our action (66) is to impose the condition on the
determinant
√−g = √−η. Under this condition, dVg =
dVη and C
b
bc = 0 as it can be shown by using a particular
Minkowski reference frame:
Cbbc
∣∣
M
= −1
2
gab∂cg
ab =
1√−g∂c
√−g = 0. (70)
So the first term in (69) can be dropped and the vol-
ume element is replaced by dVη, making this action com-
pletely equivalent to (66). Therefore, we have recovered
the general relativity action, subject to the determinant
restriction. Now it is easy to analyze the internal gauge
symmetry of this theory, whose generators will be de-
noted by ξa. Its infinitesimal counterpart has exactly
the same form as a diffeomorphism,
δξh
ab = Lξh
ab =
= −ξc∇cgab + gac∇cξb + gbc∇cξa , (71)
with the additional condition of preserving the
Minkowski volume element:
∇aξa = 0. (72)
Here Lξ is the Lie derivative operator. This condition is
nothing but the first one in (8). As we have the same
number of generators subjected to the same number of
restrictions there is no reduction of gauge symmetry, just
a deformation.
However, the contrary happens when s 6= 1. One would
need to impose additional conditions on the generators to
make sure that (71) is a symmetry of the theory for these
values of s 6= 1, which means that the gauge symmetry
is reduced (see next section for additional comments).
Independently of this we would have, when s 6= 1, addi-
tional restrictions coming from the transverse condition:
∇agab = ∇ahab = 0, (73)
which can be alternatively written as
Cabcg
bc = 0. (74)
This means that we will also need to impose a deforma-
tion of the second condition in the same equation whose
expression can be obtained by imposing ∇bδξhab = 0:
ξb + hac∇a∇cξb + 2(∇ahbc)(∇cξa) + gbc∇c∇aξa = 0 .
(75)
Remember that what singles out the case s = 1 from the
other values from the point of view of the internal symme-
try is that the transverse condition can be dropped even
at the level of the free spin-2 theory, which means that
the conditions (73) can be relaxed from the beginning.
This corresponds to the situation analyzed by symmetry
arguments in [18], being then our discussion compatible
with the content of this work (notice that the transverse
condition plays no role in the solution of the iterative
equations of the self-coupling problem). This is differ-
ent from s 6= 1, as in those cases we will always need
to impose the transverse condition even in the free the-
ory, which implies that the resulting theory will always
present the deformation (75) in order to ensure this con-
dition.
Even if we consider gab as a metric, we still use the
natural volume form in Minkowski spacetime to write the
action of the resulting theory, (66). As we started from a
theory formulated in a fixed background, the Minkowski
spacetime, there is no logical reason to expect a perfect
decoupling of this background structure in the sense of
emergent gravity scenarios [33]. In fact, we have seen that
the presence of this background is only partially camou-
flaged in the self-interacting theory when all orders in
the interaction are taken into account, but not entirely,
as this preferred notion of volume survives. However, in
this case this non-perfect decoupling is not an undesirable
feature: the existence of a background volume element is
a definitory characteristic of unimodular gravity and the
ultimate reason which makes this theory avoid the first
cosmological constant problem [34, 35]. The consider-
ation of unimodular gravity as the self-interacting the-
ory of a spin-2 field in Minkowski spacetime thus offers
a natural way of understanding this feature which, on
the other hand, is rather unnatural from the geometrical
point of view.
Concerning the purely geometrical point of view, at
this stage one could take one step further. Imagine that
instead of writing the action in coordinate independent
manner we select a particular Cartesian coordinate sys-
tem. Then, all the covariant derivatives in the action
would be substituted by partial derivatives. If someone
gives us this action without informing where does it come
from we will not have any way of noticing the existence
of an external background. The restricted variation con-
ditions will become
√−g = 1, Γabcgbc = 0 , (76)
i.e. the unit determinant and the so-called harmonic
gauge condition. In this way any reference to a
Minkowski background is completely erased. The back-
ground is so camouflaged that one can even forget it ex-
ists. We could switch to a completely geometrical inter-
pretation of the theory. In this form the theory would
have to be interpreted similarly to general relativity but
only selecting certain coordinate systems as special. This
happens because of the mixing of the external and inter-
nal symmetries, both are now one and the same symme-
try. One can forget about the harmonic condition and
allow for almost generic coordinates in the geometrical
description. Then only the determinant of the metric
is restricted to be minus one. This is precisely what is
standardly considered as unimodular gravity. To make
or not this geometrization conceptual jump is however
optional, not required by the iterative construction, and
most importantly, it is not inconsequential.
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B. Linear trace theories
Now let us consider what happens if the funcional
space is constrained by the condition ηabh
ab = 0. As
in the previous case it is better to start with the particu-
lar value s = 1. The invariance of the traceless condition,
ηabδξh
ab = 0, assumed in this particular construction im-
plies the additional requirement for the generators ξa:
ηabg
ac∇cξb = 0 . (77)
The invariance of the transverse condition, ∇bδξhab = 0
implies in this case
ξb + hac∇a∇cξb + 2(∇ahbc)(∇cξa) = 0 . (78)
Therefore, the gauge symmetry of the original linear spin-
2 theory has been deformed but also reduced because
the generators ξa are subjected to three conditions (the
transverse condition ∇aξa = 0 if κ′ = 1 or the deforma-
tion ∇˜aξa = 0 if κ′ = κ must also hold) instead of two. A
similar thing occurs with the transverse condition and the
theories with s 6= 1 independently. We see then that the
constraints (5) which define the original functional space
of the free theory must be suitably relaxed to guarantee
that the conditions which their preservation impose on
the generators of the transformation (71) match with the
conditions which guarantee that this transformation is in
fact a symmetry of the theory, thus making compatible
these kinematical and dynamical aspects of the resulting
nonlinear theory. If this is not the case, the gauge sym-
metry of the theory would be reduced. Whether this re-
duction of symmetry can be aceptable or not seems to be
a matter of taste from the perspective of the self-coupling
problem only, although a deeper analysis of these theo-
ries probably would reveal potentially observable conse-
quences of this reduction. Notice that in this theory the
Minkowski metric appears explicitly in the field equations
(something similar occurs in the theory which was found
by self-coupling in [36]).
VI. RELATION TO PREVIOUS WORK
In this section we are going to schematically describe
how the techniques developed in previous sections can
be applied to Fierz-Pauli theory. We also discuss some of
the seemingly contradictory conclusions in the recent lit-
erature. From the perspective of the spin-2 theory, Fierz-
Pauli theory constitutes an enlargement of the available
functional space in which the field hab is defined, with
a parallel enlargement of the internal gauge symmetry.
Fierz-Pauli theory [19] is defined by the action
F0 :=
1
4
∫
dVη F
ai
s bcjk(η)∇ahbc∇ihjk, (79)
with
Fs
ai
bcjk(η) := M
ai
1 bcjk(η) − 2δa(bδic)ηjk + ηaiηbcηjk+
+
1− s
2
[
ηj(bδ
a
kδ
i
c) + ηk(bδ
a
j δ
i
c) − δa(bδijηc)k − δa(bδikηc)j
]
.
The parameter s can acquire any value leaving the theory
unchanged because the combination(
δaj δ
i
bηck − δab δikηck
)∇ahbc∇ihjk (80)
is just a surface term and this is why in many places
Fierz-Pauli theory is presented as the previous one with
s set to one. In our discussion we are leaving this term
explicit, since we have learnt from the spin-2 case that
it could be of importance. This action has the internal
gauge symmetry
δhabξ = η
ac∇cξb + ηbc∇cξa, (81)
where now the generators are unrestricted. This action
is the only quadratic action invariant under these gauge
transformations [8]. We are not going to need here the
explicit form of the tensor F ai
s bcjk(η) though. The only
thing we need to keep in mind is that it can be written
in terms of Mai1 bcjk(η) plus additional terms, which are
now present because the conditions (5) no longer hold.
We can try to apply now the same self-interacting
scheme, but with F ai
s bcjk(η) instead of M
ai
s cbjk(η), to
see whether we are able to obtain general relativity as
the outcome. However, this procedure does not work out
so straightforwardly in this case. The first evidence of
this is that there does not exist any s for which the ana-
logue of (34) is true, i.e.
√−γ γpνγqργdeDaνρµe(bFsµi c)djk 6= −
δ
√−γFsaipqjk
δγbc
.
(82)
A way of realizing this is the following: the right-hand
side of this equation contains terms which are propor-
tional to γbc, not contracted with F
ai
s pqjk , because of
the variation of the determinant. However, the left-hand
side of this equation does not contain this kind of terms.
Independently of the form of F ai
s bcjk, for the first term
in the left hand side of the previous equation one has e.g.
γpνγqργ
deDaνρµeb =
= γb(pδ
a
µδ
d
q) + δ
a
b γµ(pδ
d
q) − γb(pγq)µγad. (83)
The index b never appears in combination with the free
index c. The same happens with the second term in
(82). This means that not all the sources are valid for
the self-coupling procedure, if we want the final theory to
be describable by a Lagrangian theory. In particular, we
have seen that the application of the Hilbert prescription
to the free Fierz-Pauli action (79) leads to a stress-energy
tensor which cannot be derived from an action by per-
forming variations of hab [20]. The requeriment that the
equations of motion be derivable from an action cannot
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be ignored, since it is in the heart of the definition of the
iterative self-coupling problem.
The natural thing to check next is whether it is possible
to find a solution of the iterative equations by introducing
non-minimal couplings or, what is equivalent, covariant
surface terms. In particular, one can ask whether gen-
eral relativity can appear as a result of such self-coupling
scheme. This question is clearly and affirmatively an-
swered in the work by Butcher at al. [9]. To do that,
these authors performed a reverse engineering exercise.
Let us discuss it briefly here. The Einstein-Hilbert action
can be expanded as a series in λ using the descomposi-
tion gab = ηab + λhab. By construction, this series is a
solution of the iterative equations (20).7 These authors
explicitly show that, to guarantee that the overall proce-
dure makes sense, one needs to accept the following con-
dition. When writing the lowest order A0 in terms of an
auxiliary metric γab to obtain A0(γ), this quantity must
contain non-minimal couplings as they are necessary to
obtain the stress-energy tensor appearing in the lowest-
order iterative equation (this happens also for higher or-
ders). The quadratic action A0(γ), when particularized
to Minkowski space, leads precisely to F0 in (79) with
s = 1.
Thus there exists a certain source, obtained through
the addition of non-minimal couplings, which permits to
recover general relativity as a self-interacting theory of
the Fierz-Pauli field. As it happened before with the
spin-2 theory, here the non-minimal couplings can be un-
derstood as surface terms in the free Lagrangian density.
In fact, with the appropriate addition of surface terms
all of the actions (79) with an arbitrary value of s can
be uplifted to nonlinear theories that are solutions of the
iterative equations. Another matter is whether these fi-
nal theories have some internal gauge symmetry or not.
What is clear is that only the value s = 1 leads to a the-
ory with an internal symmetry of the form of the usual
diffeomorphism invariance.
If we consider the non-tensorial general-relativity ac-
tion
1
λ2
∫
d4x
√−g gab(ΓcdaΓdcb − ΓcabΓdcd), (84)
and perform an expansion in the parameter λ with gab =
ηab+λhab, we will see that it precisely exhibits a coupling
term of the form habSab at first order in λ. Padmanab-
han pointed out the role of this object Sab in any cou-
pling scheme leading to general relativity [8]. He showed
for instance that this object Sab can be obtained from
the quadratic term (zeroth order in λ) by applying only
a half-covariantization scheme which might be regarded
at least as unnatural (see appendix A in [9] for addi-
tional comments on this quantity). Somewhat surpris-
ingly, whereas the quadratic action is tensorial, the first
7 It can be checked that, as long as we are performing a Taylor
expansion of a function of the form F (η + λh), these conditions
are verified.
order correction should already be non-tensorial. The
variation of this new action with respect γab might lead in
principle to a non-tensorial stress-energy object (though
finally this is not the case). Therefore, one could argue, as
Padmanabhan, that the construction of general relativity
from a self-coupling scheme is somewhat unphysical (only
at the end of the iterative procedure one would realize the
existence of a surface term allowing the construction of
a diffeomorphism-invariant Lagrangian density).
However, in our formulation we always keep track of
the flat reference metric. This allows us to construct the
tensorial action
1
λ2
∫
d4x
√−g gab(CcdaCdcb − CcabCdcd), (85)
instead of the non-tensorial action (84). The cubic term
has a form habS¯ab where now S¯ab is a proper tensor.
Moreover, this object is not and must not be the stress-
energy tensor. We have seen that there is a natural def-
inition of S¯ab within the iterative procedure, as the re-
sult of the integration of the first-order iterative equation
analogue to (18). In fact one of the main differences be-
tween the work of Padmanabhan [8] and that in here is
that we have explicitly performed the integration of the
iterative equations. In other words, from the point of
view of the self-coupling consistency problem, S¯ab is just
a derived quantity and not a fundamental one. One will
be led to it by following the equations carefully [recall
for example the discussion around (30)]. Concerning this
last point, Deser makes a similar comment in his reply
to Padmanabhan [10]: the only role of S¯ab is to lead to
the required source when the variations which respect to
hab are performed, and this is precisely the definition of
this quantity.
Concerning the surface term: the Einstein-Hilbert ac-
tion can be partitioned in a first-derivative action plus
a surface term in several ways. If one does not intro-
duce a fiducial background metric, this partition has to
be non-tensorial. Instead, by introducing a flat back-
ground metric, one discovers a tensorial partition. In our
view what is unnatural from the self-coupling program
is precisely to forget about the background metric, mak-
ing an identification of the coordinate invariance and the
invariance under gauge transformations. Once one ob-
tains the action (85), which is a scalar, one would not
look for complementing this action with additional sur-
face terms to build the scalar curvature. Only when tak-
ing the non-trivial conceptual jump of forgetting about
the background structure and taking a complete geomet-
rical description in terms of a single metric, one would
start worrying about the significance of the surface term
and its non-tensorial character. In this stage we agree
with Padmanabhan’s [8] that the surface term of the
Einstein-Hilbert action is not naturally obtainable by the
self-coupling procedure, one has to add geometrical infor-
mation.
Butcher et al. [9] say that “general relativity cannot be
derived from energy-momentum self-coupling the Fierz-
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Pauli Lagrangian”. More precisely what they mean is
that one cannot use the stress-energy tensor obtained
straighforwardly from the Fierz-Pauli Lagrangian den-
sity by using a minimal coupling prescription. One has
to add specific non-minimal couplings. From reading this
paper and Padmanabhan’s one ends up with the impres-
sion that to obtain general relativity from self-interaction
one needs to know somehow the final result, as one needs
to make use of curved-spacetime notions. However, here
we have shown that non-minimal couplings are encom-
pased by covariant surface terms, which form part of the
standard arbitrariness in defining the stress-energy ten-
sor even in flat spacetime. Allowing surface terms one
finds a one-parameter familly of solutions to the self-
coupling problem. From them, general relativity is se-
lected by requiring the final theory to have the largest
possible amount of gauge invariance. Thus the construc-
tion only uses concepts based on Poincare´-invariant field
theory and gauge invariance (although some of the math-
ematical tools used can be geometrical, as the Hilbert
prescription to obtain the stress-energy tensor). It is in-
structive to notice that the necessity of considering the
addition of identically conserved terms to the source one
would obtain directly from the free action is not exclusive
of gravity, but the same thing happens when considering
the case of Yang-Mills theory in the second-order for-
malism, as it is explicitly written (but at some extent
ignored) in [6].
All these comments apply to the classic work of Deser
[6, 10], e.g. the fact that the resulting action will be writ-
ten in terms of the covariant derivative ∇ with respect to
the flat reference metric. The clever choice of indepen-
dent variables in that work allowed him to lead to com-
pletion the iterative procedure in a single step. Precisely,
this selection of variables hides the fact that the stress-
energy tensor obtained by varying ηab is not the one that
one would directly obtain from the minimally-coupled
Fierz-Pauli theory. That is, Deser’s first order formal-
ism naturally selects the specific surface term (or non-
minimal coupling) that leads to Einstein equations. The
reader should not confuse this surface term at the level
of the free theory with the surface term in the Einstein-
Hilbert action, which is put by hand. Notice that all the
other potential solutions to the self-coupling problem are
absent. One could recover them by using additional sur-
face terms in his direct construction. One cannot simply
exclude these possibilities from the perspective of logic,
but now the arguments in [6] do not apply as the result-
ing iterative series would be now infinite. A more general
treatment such as the one presented here is needed, in
which the use of specific variables is avoided and which
permits to handle infinite series to know the nature of
these solutions.
In [10] it is argued that the non-uniqueness inherent
to the use of Noether currents in the very definition of
the self-coupling problem is harmless. The argument is
that these identically conserved terms which appear in
the definition of the source can be absorbed in a redefi-
nition of the Fierz-Pauli field hab. If we want to keep us
in the linear level, there is only one possible redefinition:
shifting hab by its trace ηabh
ab. This means that one
could absorb only certain types of such identically con-
served terms. Even if we forget about this, it is difficult
to see how this procedure could work as we argue in the
following. Let us start with the first-order self-interacting
equation
Oabcdh
cd = λTab(h
ρσ) + λΘab(h
ρσ), (86)
where Oabcd is a given differential operator (whose form
can be obtained from the action (79)), Tab(h
ρσ) is the
source we want to consider, and Θab(h
ρσ) an identically
conserved tensor constructed from hab. When λ = 0 we
recover the free field equations. Now let us construct a
different field
h′
ab
= hab + λfab(hρσ), (87)
with fab(hρσ) an arbitrary function of hab (which, if we
want to keep at the linear level, should be proportional to
ηabηcdh
cd). In [10] it is argued that there always exists a
choice of fab(hρσ) such that the field equations (86) can
be written as
Oabcdh
′cd = λTab(h
′ρσ), (88)
thus absorbing the identically conserved term Θab(h
ρσ).
The function fab(hρσ) is determined by the following
equation:
Oabcdf
cd(hρσ) = −Θab(hρσ). (89)
As the operator Oabcd satisfies ∇aOabcd = 0 [10], this
equation is well posed so it seems that one can conclude
that the identically conserved terms can be shifted away.
However, one should not forget about the stress-energy
tensor, which is not a mere spectator here but explicitly
depends in the Fierz-Pauli field hab. Thus, at best, one
can get instead of (88) an equation of the form
Oabcdh
′cd = λT ′ab(h
′ρσ), (90)
such as
T ′ab(h
′ρσ) = Tab(h
ρσ). (91)
This means that the effect of the non-minimal couplings
cannot be simply shifted away. One must take them into
account, so the non-uniqueness problem remains open
until an additional assumption is imposed.
In summary, in the Fierz-Pauli case the self-coupling
problem naturally leads to a one-parameter set of solu-
tions that includes general relativity. From this point of
view general relativity naturally emerges from the self-
coupling of a Poincare´-invariant field theory. However,
to select general relativity from the other theories one
has to require the existence of a maximal gauge symme-
try. There seems to be no alternative guiding principle
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to directly obtain general relativity. Moreover, what is
obtained is closer to the bimetric theory of Rosen [1].8
Thus, although both theories are observationally equiv-
alent in standard situations, there can be conceptual
differences when considering extreme situations such as
spacetime singularities.
A. On gravitational energy
One of the aspects which is expected to be addressed
by such a reinterpretation in terms of a flat reference
metric of the gravitational theories is the issue of the
gravitational energy. Also we have some loose ends in
our construction (remember the discussion in III concern-
ing the conservation of the traceless source T˜ab) which
demand to investigate this issue. Let us first consider
in this section the example of general relativity. As we
have been discussing, there are two equivalent descrip-
tions of the same system and, within each one, distinct
ways of stating conservation principles: on the one hand,
the purely geometrical vision in which quantities are co-
variantly conserved (i.e. with respect to the covariant
derivative ∇˜ associated with the metric gab). On the
other hand, we expect the system to possess conserved
quantities associated with Poincare´ invariance. In partic-
ular, there will be a stress-energy tensor associated with
translation invariance, which will be conserved with re-
spect to the flat derivative operator ∇ (within the space
of solutions). In this section we explicitly recall how these
two pictures fit (see [1] and e.g. [37]).
If we include matter in our considerations, then the
resulting action has two parts. It is easy to realize that,
by construction, taking the variational derivative with
respect to the contravariant version of the auxiliary met-
ric γab in the matter part is equivalent to performing the
same operation but with respect to gab. However, this it
not true within the gravitational part. This means that
the total canonical stress-energy tensor is given by
κΘ aM b + t
a
b := LTδ
a
b −
δLT
δ(∇aψµ)∇bψ
µ. (92)
Here LT := LG + LM is the total Lagrangian density,
ψµ again represents all the fields, and κ =
√−g/√−η
as defined before. In this equation, Θ aM b gives the same
conserved charges as the Hilbert stress-energy tensor for
the matter part, while
tab := LGδ
a
b −
δLG
δ(∇ahcd)∇bh
cd (93)
is a new object which provides the notion of gravitational
energy. The factor κ in the matter part arises because
8 The reader should not confuse the resulting theory with what is
usually considered a bimetric theory, as here one of the metrics
(the flat reference metric) is not a dynamical entity.
of the occurrence of
√−g instead of √−η as the natural
measure in the action. We are using the canonical stress-
energy tensor instead of the Hilbert prescription just to
make better contact with the literature: the only impor-
tant thing in the following arguments is the divergence of
this quantity on solutions, thus using the Hilbert stress-
energy tensor would lead exactly to the same calculations
and conclusions.
As we have already mentioned, this overall quantity is
conserved with respect to∇ within the space of solutions,
that is:
∇a(κΘ aM b + tab)|S = 0. (94)
The subscript S means that the Euler-Lagrange equa-
tions are used. Now it can be shown that this last equa-
tion is equivalent to the covariant conservation of the
Einstein tensor,
∇˜aGab = 0. (95)
The first step to show this is to use the gravitational
equations of motion which, in suitable units, permit us
to write (94) as
∇a(κGab + tab) = 0. (96)
One only needs to realize that this equation is now a
purely geometrical statement (that is, it is solely written
in terms of the metric gab) which, in fact, is equivalent
to (95) as it was shown in [1].
This argument can be extended also to unimodular
gravity. In this case, the equations of motion would be:
Rab −
1
4
Rδab = T
a
M b −
1
4
TMδ
a
b , (97)
where now T aM b is the Hilbert stress-energy tensor of the
matter part. But (94) still holds (with κ = 1), in which
we can certainly replace Θ aM b with T
a
M b. If we rewrite
the left-hand side of (97) as Gab + Rδ
a
b /4, then instead
of the identity (95) we have the condition
∇a(R+ TM) = 0. (98)
One can see then that the self-coupling of the spin-2 field
solves the problem associated with the conservation of
the traceless source T˜ab in (14). Moreover, one can re-
member this equation as the condition which permits the
equations of motion of unimodular gravity to be formally
equivalent to those of general relativity, but with a cos-
mological constant unrelated to the parameters in the
action [38]. This means that in both cases (general rel-
ativity and unimodular gravity), the conservation of the
matter stress-energy tensor within the space of solutions,
∇˜aT aM b|S = 0, (99)
is obtained as a consequence of the Poincare´ invariance
of the theory and the resulting nonlinear equations of
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motion. Put differently, the conservation of the total en-
ergy (written in a perfectly tensorial way) in flat space-
time on the one hand (94), and the conservation of the
gravitational and matter parts independently in a curved
dynamical space on the other hand, (95) and (99) re-
spectively, are two ways of writing the same thing. It
is important to notice that in unimodular gravity, (99)
can only be taken as an assumption additional to the
field equations [38], but here we have seen that from the
perspective of the self-coupling problem it is in fact a
necessary consequence of Poincare´ invariance.
The tensor tab could be interpreted as the gravitational
stress-energy tensor, in the sense that it can be used to
evaluate the corresponding conserved charges. However,
its interpretation as providing a local notion of energy
is still problematic. The stress-energy tensor of the lin-
ear theory is not gauge invariant and this fact remains
in the final stress-energy tensor: it is not a problem due
to self-coupling. In other words, this feature does not
appear when one performs the summation of the series
but is present at each order, even in the free theory, so
it should not be considered as a solid argument against
the self-coupling program as Padmanabhan claims [8]. In
fact, for us the vision is quite the opposite: if one insists
in the preservation of the original gauge symmetry, then
even the free theory is pushing you towards some kind of
geometrical (non-local) interpretation from the beginning
and, thus, the lack of this local notion of energy is really
natural from the perspective of the self-coupling problem.
Notice that even the matter stress-energy tensor TMab be-
comes a gauge non-invariant quantity as a result of the
coupling. However, the gauge transformation of TMab is of
tensorial form while that of tab is of non-tensorial form:
it can always be gauged to zero in a point. For this rea-
son, as opposed to the case in the matter sector, it is
not possible to extract any local meaning of energy from
tab. The single-metric geometrical interpretation offers
a clear explanation of this issue, associating the gauge
to zero of the stress-energy tensor to free-fall observers,
which do not detect gravity.
The geometrical interpretation offers another way to
define a gravitational stress-energy tensor by varying
gab in the action. The gravitational stress-energy ten-
sor is then directly Gab (a similar proposal is argued for
in [39, 40]), that is a tensor with respect to changes of co-
ordinates in Minkowski spacetime as well as gauge trans-
formations. In this interpretation and the previous one,
one could say that outside matter there is no gravita-
tional energy. However, notice that this does not mean
that gravitational waves do not carry energy. Gravita-
tional wave solutions exist in the theory. They are so-
lutions of the equations of motion. Then, the covariant
conservation with respect to the metric gab of the stress-
energy tensor (99) tells us that these waves can imprint
energy in the fields acting as detectors. The situation
will be reminiscent of action-at-a-distance theories.
The theories of gravitons considered here as the start-
ing points of the self-coupling procedure do not make
use of a local meaning of gravitational energy, as the
graviton stress-energy tensor is not a gauge-invariant
observable. When the original notion of gauge invari-
ance is preserved, this is also reflected in the resulting
theories (unimodular gravity and general relativity). A
proper local meaning would appear however if gauge in-
variance is broken. Then tab will be a perfectly defined
stress-energy tensor. In a sense, we could say that the
self-interaction procedure shows us two possible alterna-
tive routes: a) gauge invariance is preserved and one is
pushed towards a complete geometrical interpretation, or
b) self-interaction breaks gauge invariance so that the fi-
nal theory has a proper notion of local energy over the
Minkowski background.
VII. CONCLUSIONS
In this work we have discussed Gupta’s original pro-
gram in detail, concerning the possible theories which
arise as self-interacting theories of gravitons propagating
in Minkowski spacetime. The discussion applies to quan-
tum theories whose low-energy spectrum contains gravi-
tons interacting with matter in a flat background, as long
as one accepts that the long wavelength limit is described
by a classical, second-order Lagrangian field theory.
We have explicitly solved the infinite set of iterative
equations that appears when using a standard formal-
ism based on the tensor field variable hab for the gravi-
ton, thus complementing previous work in the subject
concerning finite series which appear when specific vari-
ables are considered. To do that we have constructed
a proof by induction and found the formal sum of the
resulting series, starting from a free field theory with a
minimal gauge invariance motivated by the irreducible
spin-2 representation of the Poincare´ group. Finally, we
have extended and contrasted our approach with previ-
ous discussions in the literature which start instead from
Fierz-Pauli theory, which has a larger gauge symmetry.
The formalism we have used has permitted us to explic-
itly show the interplay between internal gauge invariance
(a notion which is clearly separated from changes of co-
ordinates) and the self-coupling procedure.
The main conclusions of our analysis are the following:
• One obtains field equations which are equivalent to
those of unimodular gravity and general relativity
as the only consistent results of the self-coupling of
gravitons as long as one requires that the amount
of internal gauge symmetry of the linear theory
is preserved, although in a deformed version, in
the self-interacting theory (considering always the-
ories with up to second derivatives of the fields; be-
yond that see [30]). The distinction between these
two cases comes from the amount of gauge sym-
metry present in the initial linear theory. Beyond
the gauge-preservation condition we have explicitly
shown that the construction is completely natural
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from the perspective of flat spacetime and does not
need any information related to geometric notions:
the non-minimal couplings which are necessary in
some cases are nothing but natural surface terms
that form part of the standard ambiguities in the
definition of the stress-energy tensor in flat space-
time.
If one does not require the preservation of gauge
invariance, the self-coupling problem exhibits other
solutions. As far as we can see, the self-interacting
process itself does not tell us whether gauge in-
variance should or should not be preserved, thus
making this decision an additional input in the con-
struction. In other words, internal gauge invariance
is not generally preserved in the self-coupling pro-
cedure. This is an interesting point to have in mind
when considering emergent theories of gravity. In
this kind of constructions it is not difficult to obtain
excitations with the same degrees of freedom than
those that a graviton would have, but getting the
correct nonlinear dynamics for these excitations is
still an open problem [41].
• Even if the resulting theories admit a geometrical
interpretation (it is within this interpretation that
we strictly speak of unimodular gravity and general
relativity), they are naturally some kind of bimet-
ric theory, similar to the construction of Rosen [1],
and not directly unimodular gravity and general
relativity, which from this perpective have forgot-
ten the existence of a flat reference metric. In any
case, no observational difference can be extracted
while considering weak field situations; when deal-
ing with extreme situations (geometries with hori-
zons, cosmological solutions, etc.) there still might
be some way to distinguish the two interpretations
because some solutions might be forbidden. There-
fore, the structures of unimodular gravity and gen-
eral relativity do appear naturally without recours-
ing to curved spacetime notions, but precisely be-
cause of this they appear in a form that does not
demand a geometrical interpretation in terms of a
unique metric. Their form does not demand nei-
ther the suplementation of the action with addi-
tional surface terms to build the Einstein-Hilbert
action. The geometrical interpretation is certainly
appealing as, on the one hand, it provides a natural
interpretation of the absence of a local meaning for
the gravitational energy (a gauge dependent quan-
tity) and, on the other hand, it makes the theory
self-contained, with no externally fixed elements.
However, here we adhere to Rosen’s comment more
than 60 years ago [2]: “Perhaps this (flat spacetime
interpretation) may be regarded by some as a step
backward. It should be noted, however, that this
geometrization referred to has never been extended
satisfactorily to other branches of physics, so that
gravitation is trated differently from other phenom-
ena. It is therefore not unreasonable to wonder
whether it may not be better to give up the geometri-
cal approach to gravitation for the sake of obtaining
a more uniform treatment for all the various fields
of force that are to be found in nature.” Then, one
would postpone to a later stage the inquire about
the very nature of the background vacuum and its
interconnections with the rest of the physical sys-
tem. Let us stress that this does not need to lead
to a bimetric theory in the sense of having two dy-
namical Lorentzian metrics, as even the existence
of a preferred flat background can be an effective
feature.
• The problem of not having a well-defined local no-
tion of energy for the spin-2 field is already present
in the linear theory, so it is not something that
emerges due to the self-interactions. On the con-
trary, the presence of self-interactions solves the
problem. The solution presents itself as two mu-
tually exclusive mechanisms. In mechanism a)
self-interactions preserve the amount of gauge in-
variance and also the gauge non-invariance of the
graviton stress-energy tensor. This gauge non-
invariance finds a satisfactory explanation within
the geometrical interpretation. In mechanism b)
self-interactions break gauge invariance so that
the graviton stress-energy tensor acquires a well-
defined meaning. These two alternatives conform
with in principle distinct theories.
• From the point of view of self-coupling, there is no
compulsory reason for the global vacuum energy
to gravitate. We have recovered that the minimal
gauge construction of the graviton field leads to the
structure of unimodular gravity, a theory that dif-
fers from general relativity in that only the trace-
less part of the total stress-energy tensor enters the
field equations. Any vacuum-energy contribution
in the form of a cosmological constant becomes de-
coupled from geometry, although the structure of
the theory still permits the addition of a cosmo-
logical constant as a phenomenological integration
constant unrelated to the physical vacuum energy
(see e.g. [42] for a discussion). In particular, this
means that one does not need to consider curved
backgrounds as the starting point of the iterative
procedure, instead of Minkowski spacetime, to di-
rectly obtain a nonzero cosmological constant as it
was done in [43]. However, when using the Fierz-
Pauli gauge-extended version, the global vacuum
energy does appear in the geometrical equations.
Thus, although it is interesting that the minimal
field-theoretical realization of the concept of gravi-
ton leads through the self-coupling procedure to a
degravitation of the vacuum energy (an idea which
was first considered in [18]), there is no definite
answer in this formalism concerning this problem.
One would need to consider specific models to find a
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definite answer; for instance, it would be interesting
to study in detail the situation in string theory [44].
For us, the important lesson we can draw from the
discussion presented here of the self-coupling prob-
lem is that there exists room for a natural solution
to the first cosmological constant problem in theo-
ries of emergent gravity, along the lines of what is
proposed in [38, 45].
Notice that, as claimed by Ellis, one can safely ad-
mit that observations prioritize unimodular gravity
rather than general relativity [42]. Whereas in a ge-
ometrical interpretation unimodular gravity seems
rather unnatural in constrast to general relativity,
it is perfectly natural in the field-theoretical ap-
proach and, what is probably more interesting, its
occurrence is tied up to a non-perfect decoupling
from the background structure in the sense of emer-
gent gravity scenarios [33]. This may be taken as
a hint in favor of the field-theoretical approach to
quantum gravity or, in a broader sense, to emergent
gravity proposals incorporating in some low-energy
regime a non-perfect decoupling from an underly-
ing flat spacetime [21].
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Appendix A: An algebraic identity
If we evaluate the derivative with respect to the auxiliary metric and forget momentarily about the simmetrization
in the pair (s, t), we can write (50) as
Daνρµeb(γpsγνtγqργ
de + γpνγqsγρtγ
de − γpνγqρδdsδet ) = γpνγqργtβγdδDaνρθseDθβeµδb. (A1)
Of course, this equation would only be valid when the terms obtained under the exchange s ↔ t are added. In the
following we are going to show that this equation holds. The left-hand side is easier to evaluate; it is composed by
three terms:
1
2
γpsγνtγqργ
de
(
δaµδ
ν
b δ
ρ
e + δ
a
µδ
ρ
b δ
ν
e + δ
a
b δ
ν
µδ
ρ
e + δ
a
b δ
ρ
µδ
ν
e − δae δνb δρµ − δae δρb δνµ
)
+
+
1
2
γpνγqsγρtγ
de
(
δaµδ
ν
b δ
ρ
e + δ
a
µδ
ρ
b δ
ν
e + δ
a
b δ
ν
µδ
ρ
e + δ
a
b δ
ρ
µδ
ν
e − δae δνb δρµ − δae δρb δνµ
)−
−1
2
γpνγqρδ
d
sδ
e
t
(
δaµδ
ν
b δ
ρ
e + δ
a
µδ
ρ
b δ
ν
e + δ
a
b δ
ν
µδ
ρ
e + δ
a
b δ
ρ
µδ
ν
e − δae δνb δρµ − δae δρb δνµ
)
. (A2)
The first six terms are:
γpsγbtδ
a
µδ
d
q + γpsγqbδ
a
µδ
d
t + γpsγtµδ
a
b δ
d
q + γpsγqµδ
a
b δ
d
t − γpsγqµγbtγad − γpsγqbγtµγad. (A3)
These are followed by the following six terms:
γpbγqsδ
a
µδ
d
t + γqsγbtδ
a
µδ
d
p + γpµγqsδ
a
b δ
d
t + γqsγtµδ
a
b δ
d
p − γpµγqsγbtγad − γpbγqsγtµγad. (A4)
The last six terms are:
−γpbγqtδaµδds − γptγqbδaµδds − γpµγqtδdsδab − γptγqµδab δds + γpµγqbδdsδat + γpbγqµδat δds . (A5)
So we finish with the following expression symmetric in p↔ q:
1
2
(
γpsγbtδ
a
µδ
d
q + γqsγbtδ
a
µδ
d
p+ γpsγqbδ
a
µδ
d
t + γqsγpbδ
a
µδ
d
t + γpsγtµδ
a
b δ
d
q + γqsγtµδ
a
b δ
d
p+
+γpsγqµδ
a
b δ
d
t + γqsγpµδ
a
b δ
d
t − γpsγqµγbtγad − γqsγpµγbtγad − γpsγqbγtµγad − γqsγpbγtµγad+
+γpµγqbδ
d
sδ
a
t + γqµγpbδ
a
t δ
d
s − γpbγqtδaµδds − γptγqbδaµδds −γpµγqtδdsδab − γqµγptδab δds
)
. (A6)
This expression must be still symmetrized under s↔ t. When one does this some of the terms cancel,
3↔ 16, 4↔ 15, 7↔ 18, 8↔ 17; (A7)
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leaving the simplified result:
1
2
(
γpsγbtδ
a
µδ
d
q + γqsγbtδ
a
µδ
d
p+ γpsγtµδ
a
b δ
d
q + γqsγtµδ
a
b δ
d
p − γpsγqµγbtγad−
−γqsγpµγbtγad − γpsγqbγtµγad − γqsγpbγtµγad +γpµγqbδdsδat + γqµγpbδat δds
)
s↔t
. (A8)
This is the equation which we must compare with the right-hand side of (A1). In this side, there are 36 terms in
total,
1
4
γpνγqργtβγ
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ν
s δ
ρ
e + δ
a
θ δ
ρ
sδ
ν
e + δ
a
s δ
ν
θ δ
ρ
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a
s δ
ρ
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ν
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×
(
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β
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θ
µδ
β
b δ
e
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θ
bδ
e
µδ
β
δ + δ
θ
b δ
β
µδ
e
δ − δθδδeµδβb − δθδδebδβµ
)
. (A9)
The 36 terms are given by (the following expression is multiplied by 1/4):
γpsγqbδ
a
µδ
d
t + γpsγbtδ
a
µδ
d
q + γpsγqµδ
a
b δ
d
t + γpsγtµδ
a
b δ
d
q − γpsγqµγbtγad − γpsγqbγtµγad+
+γpbγqsδ
a
µδ
d
t + γqsγbtδ
a
µδ
d
p + γpµγqsδ
a
b δ
d
t + γqsγtµδ
a
b δ
d
p − γpµγqsγbtγad − γpbγqsγtµγad+
+γpµγqbδ
a
s δ
d
t + γpµγbtδ
a
s δ
d
q + γpbγqµδ
a
s δ
d
t + γpbγtµδ
a
s δ
d
q − γqµγtbδas δdp − γqbγtµδas δdp+
+γpbγqµδ
a
s δ
d
t + γqµγbtδ
a
s δ
d
p + γpµγqbδ
a
s δ
d
t + γqbγtµδ
a
s δ
d
p − γpµγbtδas δdq − γpbγtµδas δdq−
−γpµγqsδab δdt − γpµγqsγbtγad − γpbγqsδaµδdt − γpbγqsγtµγad + γqsγbtδaµγdp + γqsγtµδab δdp−
−γpsγqµδab δdt − γpsγqµγbtγad − γpsγqbδaµδdt − γpsγqbγtµγad + γpsγbtδaµδdq + γpsγtµδab δdq . (A10)
There are several terms which cancels:
1− 33, 3− 31, 7− 27, 9− 25, 14− 23, 16− 24, 17− 20, 18− 22. (A11)
The 20 restant terms are paired, and they correspond to the 10 terms in (A8):
2 + 35 ∼ 1, 4 + 36 ∼ 3, 5 + 32 ∼ 5, 6 + 34 ∼ 7, 8 + 29 ∼ 2,
10 + 30 ∼ 4, 11 + 26 ∼ 6, 12 + 28 ∼ 8, 13 + 21 ∼ 9, 15 + 19 ∼ 10. (A12)
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